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1 Integration of Harmonic Functions and Winding Numbers

1.1 Integrating harmonic functions

Recall the definition of a harmonic function.
Definition 1.1. A function u : R? — R is harmonic if ug, + Uyy = 0.

Example 1.1. Let u = Re(f) and f = u = v be holomorphic. Then, by the Cauchy
Riemann equations, u is harmonic.

Assume u is harmonic in Q. Let *du = —uydx + u,dy. Then

/ xdu =0
OR

for all rectangles with OR C Q. This is iff f € H(Q) and u = Re(f) in Q, which is
equivalent to f7 xdu = 0 for all closed curves v C 2.

However, if © is an annulus and u = log|z|, then faR xdu # 0. So we must take care
when formulating our theorem.

Theorem 1.1. Let u(z) be harmonic on a domain Q. Then for 0 <r < R,

1 27 )
U(Z()) = 277/0 u(Zo + T‘€Zt) dt.

Corollary 1.1. Let Q be a domain and u : Q@ — R be harmonic. If u(z0) = supp, gy u(2),
then u is constant on €.

1.2 Winding numbers

Let v = {z(t) : a < t < b} be a continuous, closed curve in C. Let « € C\ . Then
let € > 0 be such that fv |z — a| > e > 0. Then there exists 6 > 0 such that |t < s| <
d = |y(t) —v(s)] <e. Choosea =1ty <ty <---<t,=>bwithtj;; —t; <0 for all



Jj- Let Uy = {2 € C: |z —z2(tj)| <e}. Then Uy =U,, U; O {2(t) : tj—1 <t <tj41}, and
OZ¢U]-U]'.

On Uj, there exists a holomorphic function F; where Fj(z) = L

z—a’

Fj(z) =log|z — a| +iarg(z — a) + 2mik;,
where k; € Z.

Definition 1.2. The winding number (or index of v around «) is

n—1

n(1,0) = == 3 Fi(s(ti) — F(a(t;)).

27y 4
Jj=0

Theorem 1.2. The winding number has the following properties:
1. n(y,a) € Z.

n(y,a) is independent of choices of t; and of F)

o

If v is piecewise Ct, then n(y,a) = L L dz

2w Jy z—a

A

The function o — n(7y,«) is constant on components of C\

&

n(vy,a) =0 on the unbounded componnent of C\ ~.

Proof. To prove the first statement,

n

27r7,'rL('y a) _ H Fj(z(tj41))—Fj(2(ty) H j+1 =1.

To prove the second statement, we just need to show that the winding number is
unchanged if we take a refinement of the partition. This corresponds to the same F}.

The equality of winding numbers under refinements of partitions makes the Riemann
sum in part 3 the same for sufficiently fine partitions.

The winding number is continuous as a function of «, but it is integer valued. So it is
constant on connected components.

In the integral form in part 3, let & — co. Then the integrand goes to zero uniformly,
so the winding number is zero on this component. O
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